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Abstract
In this article we determine the number of isotopic classes of transversals
of a subgroup of order 2 in D2n (n is a positive odd integer greater than
1), where isotopism classes are formed with respect to the induced right
loop structures. We also determine the cyclic index of the Affine group
Aff(1, p2), where p is an odd prime.
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1 Introduction
Let G be a finite group andH be a subgroup of G. A normalized right transver-
sal(NRT) T of H in G is a collection of elements of G obtained by selecting
one and only one element from each right coset of H in G and 1 ∈ T . Let
T be an NRT of H in G. Then T has a binary operation ◦ induced by the
binary operation of G, given by {x ◦ y} = Hxy ∩ T with respect to which T
becomes a right loop with identity 1, that is a right quasigroup with both sided
identity (see [7, Proposition 4.3.3, p.102] and [6]). Conversely, every right loop
1
2can be embedded as an NRT in a group with some universal property (see [6,
Theorem 3.4, p.74]).
Let (L1, ◦1) and (L2, ◦2) be two groupoids. We say that L1 is isotopic to
L2 if there are bijective maps f , g and h from L1 to L2 such that f(a)◦2 g(b) =
h(a ◦1 b) for all a, b ∈ L1. This type of triple (f, g, h) is known as an isotopism
or an isotopy from L1 to L2. An isotopy (f, f, f) from L1 to L2 is known
as an isomorphism. We say that (L1, ◦1) and (L1, ◦2) are principal isotopic
if (f, g, I) is an isotopy between (L1, ◦1) and (L1, ◦2), where I is the identity
map on L1 (see[1, p.248]). Let T (G,H) denote the set of all NRTs to H in
G. Let T1, T2 ∈ T (G,H). If the induced right loop structures in T1 and T2 are
isotopic, then we say that T1 and T2 are isotopic.
Let (S, ◦) be a right loop. For a ∈ S, define L◦a : S → S by L
◦
a(x) = a ◦ x
and R◦a : S → S by R
◦
a(x) = x ◦ a. An element α ∈ S is said to be a left
nonsingular if L◦α is a bijection of S. It is observed in [1, Theorem 1 A, p.249]
that if α ∈ S is left nonsingular and if β ∈ S, then there is a principal iso-
topy ((R◦β)
−1, (L◦α)
−1, I) between (S, ◦α,β) and (S, ◦), where for all a, b ∈ S,
a ◦α,β b = (R
◦
β)
−1(a) ◦ (L◦α)
−1(b) and every principal isotope of (S, ◦) is of this
form. We denote this isotope of S by Sα,β . It is easy to observed that the
identity of (S, ◦α,β) is α ◦ β . It is also observed in [1, Lemma 1 A, p.248] that
if a right loop (L1, ◦1) is isotopic to the right loop (L2, ◦2), then (L2, ◦2) is
isomorphic to a principal isotope of (L1, ◦1).
We denote the set of all isotopism classes of elements in T (G,H) by
Itp(G,H). In Section 2, we describe the number of elements in Itp(D2n, H),
where n is an odd integer greater than 1 and H is a subgroup of order 2 of
the dihedral group D2n of order 2n. The results proved are generalizations of
results in the Section 4 of [5]. In Section 3, we compute the cyclic index of the
one dimensional affine group Aff(1, p2) of Zp2 , where p is an odd prime .
2 Isotopic classes of transversals
Let n ∈ N. Consider Zn = {0, 1, 2, · · · , n − 1} the ring of integers modulo n.
Let A ⊆ Zn \ {0}. Let a, b ∈ Zn and define an operation ◦A on Zn as
a ◦A b =
{
a + b if b /∈ A
b− a if b ∈ A .
(2.1)
It can be easily verified that (Zn, ◦A) is a right loop (see [5, Section 4]). We
denote this right loop by ZAn . We observed that if A = φ, then Z
A
n is the
3additive group Zn.
Throughout this section, let G = D2n = 〈a, b : a
2 = bn = 1, aba = b−1〉
be the dihedral group of order 2n, where n is an odd integer greater than 1.
Let H = {1, x} be a subgroup of G of order 2 and K = 〈b〉 be the cyclic
subgroup of G of order n. Let σ : K → H be a function with σ(1) = 1. Then
Tσ = {σ(b
j)bj : 1 ≤ j ≤ n} ∈ T (G,H) and all NRTs of H in G are of this
form. Let A = {j ∈ Zn|σ(b
j) = x}. Since A is completely determined by σ,
we denote Tσ by TA. Clearly, the map σ(b
j)bj → j from Tσ to Z
A
n is an iso-
morphism of right loops. So we may identify the right loop TA with the right
loop ZAn by means of the above isomorphism. We observe that Tφ = K
∼= Zn.
Let Un be the group of units of the ring Zn. For ν ∈ Un, u ∈ Zn, let fν,u :
Zn → Zn be the affine map defined by fν,u(x) = νx+u. For B( 6= φ) ⊆ Zn\{0},
define χ
B
= {f−1λ,t′(B) : t
′ /∈ B, λ ∈ Un} ∪ {(f
−1
λ,t′(B))
′ : t′ ∈ B, λ ∈ Un}, where
for any subset A of Zn, A
′ = Zn \ A. If B = φ, then we define χB = φ. Now
we have the following theorem which is a generalization of [5, Theorem 4.7].
Theorem 2.1. Let L = TA ∈ T (G,H). Then S ∈ T (G,H) is isotopic to L if
and only if S = TC for some C ∈ χA.
Proof. By descriptions in the second paragraph of this section and third para-
graph of the Section 1, it is enough to prove that for a subset C of Zn, Z
C
n is
isomorphic to a principal isotope of ZAn if and only if C ∈ χA .
Assume that A = φ. Then ZAn = Zn. Since T (G,H) contains exactly one loop
transversal (see [5, Corollary 4.5]) and a right loop isotopic to a loop is itself a
loop (see [5, Corollary 3.2]), we are done in this case. Next, assume that A 6= φ.
Let β ∈ Zn \ {0}. Consider the bijective maps ψβ and ρβ on Zn defined by
ψβ(x) = x+ β and ρβ(x) = β − x. Then by (2.1),
R◦Aβ =
{
ψβ if β /∈ A
ρβ if β ∈ A .
(2.2)
Let α ∈ ZAn be a left nonsingular element. Consider the principal isotope
(ZAn )α,β of Z
A
n . Let ◦α,β denote the binary operation of (Z
A
n )α,β. First let β /∈ A.
Let u, v ∈ (ZAn )α,β. Since β /∈ A, by (2.2), (R
◦A
β )
−1(u) = ψ−1β (u) = u − β.
Further, since v /∈ A if and only if v + kα /∈ A (k ∈ Z) (see [5, Lemma 4.1]),
(L◦Aα )
−1(v) =
{
v − α if v /∈ A
v + α if v ∈ A .
Therefore,
u ◦α,β v = (R
◦A
β )
−1(u) ◦A (L
◦A
α )
−1(v)
4=
{
(u− β) ◦A (v − α) if v /∈ A
(u− β) ◦A (v + α) if v ∈ A
=
{
(v + u)− (β + α) if v /∈ A
(v − u) + (β + α) if v ∈ A.
(2.3)
Let ν ∈ Un. Then the binary operation ◦α,β and the map fν,(β+α) defines a
binary operation ◦fν,(β+α) on Zn so that fν,(β+α) is an isomorphism of right loops
from (Zn, ◦fν,β+α) to ((Z
A
n )α,β, ◦α,β). Thus
u ◦fν,(β+α) v = f
−1
ν,(β+α)
(
fν,(β+α)(u) ◦α,β fν,(β+α)(v)
)
=
{
(v + u) if v /∈ f−1
ν,(β+α)(A)
(v − u) if v ∈ f−1
ν,(β+α)(A) .
(2.4)
This implies that the right loop (Zn, ◦fν,(β+α)) is (Z
C
n , ◦C), where C = f
−1
ν,(β+α)(A)∈
χ
A
.
Let β ∈ A. Since v ∈ A if and only if v + kα ∈ A (k ∈ Z) (see [5, Lemma
4.1]),
u ◦α,β v = R
−1
β (u) ◦A L
−1
α (v)
=
{
(β − u) ◦A (v − α) if v /∈ A
(β − u) ◦A (v + α) if v ∈ A
=
{
(v − u) + (β − α) if v /∈ A
(v + u)− (β − α) if v ∈ A .
(2.5)
The arguments used for the case β /∈ A imply that the map fν,(β−α) is an iso-
morphism of right loops from ZCn to (Z
A
n )α,β, where C = (f
−1
ν,β−α)
′ ∈ χ
A
. Thus
ZCn is isotopic to Z
A
n if C ∈ χA.
Conversely, let C be a subset of Zn \ {0} such that Z
C
n is isotopic to Z
A
n .
Let (f, g, h) be an isotopy from ZCn to Z
A
n . Then as described in the third
paragraph of the Section 1, (f, g, h) = ((RoAβ )
−1, (LoAα )
−1, I)(h, h, h), where h
is an isomorphism from ZCn to a principal isotope L1 = (Z
A
n )α,β of Z
◦A
n for some
β ∈ Zn and some left nonsingular element α in Z
A
n . As we have observed in
(2.2) if β /∈ A, then R◦Aβ = ψβ and if β ∈ A, then R
◦A
β = ρβ .
Let v ∈ ZCn . Since h is an isomorphim from Z
C
n to L1,
R◦Cv = h
−1R
◦α,β
h(v)h, (2.6)
where ◦α,β is the binary operation of (Z
A
n )α,β.
5Assume that β /∈ A. By (2.3), we have
R
◦α,β
h(v) =
{
ψ
h(v)−(β+α)
if h(v) /∈ A
ρ
h(v)+(β+α)
if h(v) ∈ A .
(2.7)
Since for any x ∈ Zn, ρx is of order 2, ψx is of odd order in the symmet-
ric group Sym(Zn) of Zn, and the conjugate elements in a group have same
order, therefore from (2.6) and (2.7), h−1ψ
h(v)−(β+α)
h = ψv if h(v) /∈ A and
h−1ρ
h(v)+(β+α)
h = ρv if h(v) ∈ A.
Assume that h(v) /∈ A. Then by (2.7) and as remarked above,
(
h−1ψ
h(v)−(β+α)
h
)
(u) = ψv(u), that is h(u + v) = h(u) + h(v)− (β + α) for all u ∈ Zn. This
implies, h(0) = (β + α) and by induction we obtain that for each u ∈ Zn,
h(u) = (h(1)− h(0))u+ h(0), (2.8)
that is h(u) = νu+ t, where t = h(0) = β + α and ν = (h(1)− h(0)). Since h
is a bijection on Zn, ν ∈ Un and so h = fν,t.
Next, assume that h(v) ∈ A. Then by (2.7) and as remarked earlier,(
h−1ρ
h(v)+(β+α)
h
)
(u) = ρ
v
(u) for all u ∈ Zn. Thus h(v−u) = h(v)−h(u)+(β+α)
and so h(u+ v) = h(v+ u) = h(v)− h(−u) + (β+α) for all u ∈ Zn. Again we
note that h(0) = β + α. Thus by induction for each u ∈ Zn,
h(u) = (h(1)− h(0))u+ h(0). (2.9)
Since h is a bijection on Zn, (h(1)− h(0)) ∈ Un.
Thus in both cases, h = fν,t, where t = h(0) = (β + α) and ν =
(
h(1) −
h(0)
)
∈ Un.
Hence we have, u ◦C v = h
−1(h(u) ◦α,β h(v)) = f
−1
ν,(β+α)(fν,(β+α)(u) ◦α,β
fν,(β+α)(v)) for all u, v ∈ Zn. Thus as observed in (2.4), we have
u ◦C v =
{
(v + u) if v /∈ f−1
ν,(β+α)(A)
(v − u) if v ∈ f−1
ν,(β+α)(A)
(2.10)
for all u, v ∈ Zn. This implies C = f
−1
ν,(β+α)(A).
Next, assume that β ∈ A. Let u, v ∈ L1. Then by (2.5),
u ◦α,β v =
{
(β − u) ◦A (v − α) if v /∈ A
(β − u) ◦A (v + α) if v ∈ A
=
{
(v − u) + (β − α) if v /∈ A
(v + u)− (β − α) if v ∈ A .
(2.11)
6Since h is an isomorphism from ZCn to L1, we have
R◦Cv = h
−1R
◦α,β
h(v)h (2.12)
and by (2.5),
R
◦α,β
h(v) =
{
ψ
h(v)−(β−α)
if h(v) ∈ A
ρ
h(v)+(β−α)
if h(v) /∈ A .
(2.13)
Thus as argued for the case β /∈ A, we have, h = fν,t, where ν =
(
h(1) −
h(0)
)
∈ Un, t = β − α and
u ◦C v =
{
(v + u) if v ∈ f−1
ν,(β−α)(A)
(v − u) if v /∈ f−1
ν,(β−α)(A) .
(2.14)
Thus C = Zn \ (f
−1
ν,(β−α)(A)). This completes the proof of the theorem.
Let S denote a permutation group on a finite set S. Let | S |= k. For τ ∈ S,
let cl(σ) denote the number of l-cycles in the disjoint cycle decomposition of
τ. Let Q[x1, · · · , xk] denote the polynomial ring in indeterminates x1, · · · , xk.
Then the cyclic index PS(x1, · · · , xk) of S is defined to be
PS(x1, · · · , xk) =
1
| S |
∑
τ∈S
x
c1(τ)
1 . . . x
ck(τ)
k
(see[2, p.146]).
Now we state the following theorem whose proof may be imitated from the
proof of the Theorem 4.9 of [5] replacing [5, Theorem 4.7] by Theorem 2.1, Zp
by Zn, and Aff(1, p) by Aff(1, n).
Theorem 2.2. Let n be an odd positive integer greater than 1, G = D2n and
H be a subgroup of G of order 2. Then
Itp(G,H) =
PAff(1,n)(2, 2,··· ,2)
2
.
3 Cyclic index of Aff(1, p2)
In this section we determine the cyclic index of the one dimensional affine
group Aff(1, p2) of Zp2 (p is an odd prime).
Let J = 〈p〉 = {0, p, 2p, · · · , (p− 1)p} denote the unique maximal ideal in
Zp2 .
Lemma 3.1. Let ν ∈ Up2 \ 1 + J and x ∈ Zp2. Then νx ≡ x(mod p
2) if and
only if x ≡ 0(mod p2).
7Proof. Assume that νx ≡ x(mod p2). Then
(ν − 1)x ≡ 0(mod p2). (3.1)
Since (ν − 1, p2) = 1, (3.1) is satisfied for x ≡ 0 (mod p2) only. Obviously
x = 0 satisfies νx ≡ x(mod p2).
Lemma 3.2. Let ν = 1+kp and t′ = lp ∈ J , where k( 6= 0), l ∈ {0, 1, 2, · · · , p−
1}. Let x ∈ Zp2. Then νx+ t
′ ≡ x(mod p2) if and only if x ∈ −k′l + J , where
k′k ≡ 1(mod p).
Proof. Since p is a prime, there exist a unique integer k′(modulo p) such that
k′k ≡ 1(mod p). Now
νx+ t′ ≡ x(mod p2)⇔ (ν−1)x+ lp ≡ 0(mod p2)⇔ (kx+ l)p ≡ 0(mod p2)⇔
kx+ l ≡ 0(mod p)⇔ x ≡ −k′l(mod p).
Proposition 3.3. The cyclic index of the affine group PAff(1,p2) is
PAff(1,p2)(x1, · · · , xp2) =
1
p2ϕ(p2)
[xp
2
1 + (p− 1)x
p
p + p
2
∑
t|p−1,t6=1
ϕ(t)x1x
p2−1
t
t +
p2
∑
t|p−1,t6=1
ϕ(tp)x1x
p−1
t
tp x
p−1
t
t + p(p− 1)x
p
1x
p−1
p + pϕ(p
2)xp2 ],
where ϕ is the Euler’s phi-function.
Proof. Consider the following pairwise disjoint subsets of Aff(1, p2) covering it
:
1. S0 = {I = the identity permutation}
2. S1 = {f1,t′ : t
′ ∈ J \ {0}}
3. S2 = {fν,t′ : ν ∈ Up2 \ 1 + J and t
′ ∈ Zp2}
4. S3 = {fν,t′ : ν( 6= 1) ∈ 1 + J and t
′ ∈ J}
5. S4 = {fν,t′ : ν ∈ 1 + J and t
′ ∈ Up2}.
We note that, I = f1,0 is the product of p
2 disjoint 1-cycles. Let f1,t′ ∈ S1.
Since t′ 6= 0 and t′ ≡ 0(mod p), f1,t′ is the product of p disjoint p-cycles.
By [3, Lemma 2], fν,t′ ∈ S2 has same cycle type as the cycle type of fν,0.
Since K = {fν,0 : ν ∈ Up2} ∼= Up2 and Up2 is a cyclic group (see [4, p.155]) of
order ϕ(p2), where ϕ is the Euler’s phi-function, for each divisor d of ϕ(p2),
8there are exactly ϕ(d) elements of order d in K. Let ν ∈ Up2 \ 1 + J . Then
by Lemma 3.1, fν,0 fixes exactly one element. If the order of fν,0 is t and if it
divides p − 1, then fν,0 is the product of
p2−1
t
disjoint t-cycles and a cycle of
length 1. Assume that the order of fν,0 ∈ S2 is tp, where t divides p− 1. Then
νt has order p and so νt ∈ 1 + J . Thus by Lemma 3.2, f tν,0 = fνt,0 fixes each
element of J . Hence fν,0 is the product of
p−1
t
disjoint tp-cycles, p−1
t
disjoint
t-cycles and a cycle of length 1.
Let fν,t′ ∈ S3. Since νt
′ ≡ t′(mod p2) and the order of ν is p, thus the order
of fν,t′ is p. Further, by Lemma 3.2, fν,t′ fixes each element of a coset of J
in Zp2 . Therefore fν,t′ is the product of p − 1 disjoint p-cycles and p disjoint
cycles of length 1.
Let ν ∈ 1 + J and x ∈ Zp2 . Then the congruence (ν − 1)x ≡ −t
′(mod p2)
has no solution if t′ ∈ Up2 . Thus if fν,t′ ∈ S4, then it does not fix any element of
Zp2 . Therefore fν,t′ is a cycle of length p
2. Hence the cyclic index of Aff(1, p2)
is given by
PAff(1,p2)(x1, · · · , xp2) =
1
p2ϕ(p2)
[xp
2
1 + (p− 1)x
p
p + p
2
∑
t|p−1,t6=1
ϕ(t)x1x
p2−1
t
t +
p2
∑
t|p−1,t6=1
ϕ(tp)x1x
p−1
t
tp x
p−1
t
t + p(p− 1)x
p
1x
p−1
p + pϕ(p
2)xp2 ],
where ϕ is the Euler’s phi-function. This completes the proof of the Proposi-
tion.
Example 3.4. By Proposition 3.3,
1. PAff(1,9)(2, · · · , 2) =
1
54
[29+24+32×25+32×26+3×26+32×22] = 2×11
2. PAff(1,25)(2, · · · , 2) =
1
500
[225 + 27 + 52 × 213 + 52 × 28 + 52 × 27 + 52 × 26+
5× 211 + 52 × 23] = 2× 33, 781.
Thus by Theorem 2.2, |Itp(D18, H)| = 11 and |Itp(D50, H)| = 33, 781 , where
in each case, H is a subgroup of order 2.
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